The kinematics that characterizes the "natural flight" of insects is quite complex. It involves simultaneous rotations, oscillations and significant changes in the angle of attack. All this permits the wings to follow an extremely complex trajectory producing different flight mechanisms that are efficient at low to moderate Reynolds numbers. Some of these mechanisms, such as the delayed stall, the additional circulation generated by the rotation of the wing, and the wake capture amongst others, offer unique advantages with respect to the well-known fixed-wing aerial vehicles. Such advantages are better lift and thrust generation without the need to increase weight. This paper presents a general kinematical model that permits studying the movements of the wings of a scale robot of a house fly, the 'RoboFly', built at UC Berkeley, USA. Additionally, this general kinematical model allows studying the kinematics of the wings of a flying insect considering both the body orientation and the stroke plane orientation of the creature in the 3D space. This work provides a nexus between the descriptive language used by biologists and the predictive language used by engineers. This connection between scientific disciplines allows one to study and characterize the principal kinematic parameters that intervene in a stroke cycle, as well as to determine how these variables modify the trajectories of the material points on the wings. NOMENCLATURE N = (n 1 , n 2 , n 3 ) Newtonian or inertial reference system T = (t 1 , t 2 , t 3 ) body-fixed reference system located at the mass center of the thorax Z = (ẑ 1 , ẑ 2 , ẑ 3 ) reference system fixed to the stroke plane B = (b 1 , b 2 , b 3 ) reference system fixed to the wing root of the left wing A = (â 1 , â 2 , â 3 ) reference system fixed to the wing root of the right wing 
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INTRODUCTION
During millions of years of evolution, nature has developed highly efficient locomotion mechanisms to provide "legs" to move on land, "flapping wings" to fly, and "fins" to swim [1] . Nowadays, biologists and engineers work together with the mutual goal of explaining the underlying physics of the mechanisms used by birds and insects to maintain flight, propel, navigate and perform extremely complex maneuvers. However, in many cases where it was intended to produce a complete biological imitation of an insect, bird or fish, few encouraging results were obtained. Hence, it is crucial to make a distinction between what is understood by biological imitation (biomimetics) and biological inspiration. Biomimetics, or copying a living organism, is very difficult to achieve with the current technology. Biological inspiration, on the other hand, is a good starting point for the design and subsequent construction of robots that have equal or superior performance to biological entities existing in nature [2] .
In recent years, the scientific community has specifically focused on studies of flying insects and small birds herewith establishing a base to inspire the development of Micro Aerial Vehicles (MAVs) with flapping wings [3] . The renewed interest in these exceptional vehicles is due to the potential of numerous civil and military applications [4, 5] , and to the great advancements in microelectromechanical systems (MEMS), CCD miniature cameras, infrared sensors, and detectors of hazardous substances, among others.
The Defense Advanced Research Projects Agency (DARPA) started a research program to develop a new family of MAVs, intended to fulfill certain design parameters, such as: i) a maximum dimension of 15 cm; ii) maximum weight of 100 gr.; iii) a top airspeed of nearly 50 km/h, and; iv) a flight duration of around 20 to 30 minutes (see Figure 1 ).
F Fi ig gu ur re e 1 1: : Range of existing operating MAVs [6] Weight [gr] With the intention of developing and creating these unique vehicles, governmental institutions, private research agencies, and state universities also jointly established four different design concepts:
1.
Lighter-than-air; 2.
Rotary wings; 3.
Fixed wings; and 4.
Flapping wings. The lighter-than-air type probably constitutes the easiest approach for constructing a flying robot. For this type of vehicle, the lift force is obtained by filling a sphere, made up of ultra light material, with helium. The propulsion is produced by two or three direct current motors (see Figure 2a) . These are silent vehicles that can easily avoid most obstacles. On the other hand, they have little maneuverability and durability and their sizes are relatively big; at this time the smallest diameter of the ultra-light sphere is 20 inches.
In 2001, a team of scientists from Stanford University, USA developed a MAV using the 'rotor' concept [7] . However, the measured lift forces produced by a scale model revealed that a lighter version of the vehicle would never take off with the on-board power source. Years later, a new revolutionary design was developed that used two rotors rotating in opposite directions (see Figure 2b ). This concept was successfully applied to new MAVs that obtained satisfactory results with respect to maneuverability in reduced spaces, and the ability to hover. Nonetheless, in general, the rotors produce too much acoustic contamination, are heavy, have little autonomy and are expensive to construct.
MAVs with 'fixed wings' have important limitations: poor flight agility with a lack of sufficient versatility to carry out missions in closed spaces (Figure 2c ). These operations require a substantial capacity to maneuver (super maneuverability). Newer designs are based on 'flapping wings' that modify the kinematics at each stroke in order to adapt to the different flight conditions; this is the 'seal' that characterizes the most agile flying creatures that exist in nature [8, 9, 10 ] (see Figure 2d) .
To obtain MAVs with the previously mentioned characteristics, the 'language of natural flight' should be deciphered first. Also, it should be understood how insects modify the kinematics of their wings in relation to their flight trajectories in order to propel and keep them in the air. It has been proven in numerous researches that in order to produce the sustainable force, insects are provided with nonstationary and non-linear mechanisms that cannot be grasped by classic aerodynamic theories based on hypotheses of linearity and stationarity.
The kinematics study of flying insects provides information about the spatial movement of the wings with respect to the body and movements of the insect with respect to its surrounding environment.
For decades, researchers have carried out numerous studies, both numeric and experimental, on flight kinematics of several types of insects, and in different flight configurations such as forward and hovering. In 1984, Ellington applied an image projection technique on bees and bumblebees obtaining detailed measurements of the kinematics of both the longitudinal axis of the body and the longitudinal axis of the wing during the natural flight of the creature in a transparent box [12] . Years later, continuous technological advances led to the use of high-speed cameras to film insects in flight, in particular bees. Dudley applied this technology to obtain a detailed description of the kinematics of the body and the wing tips of a bee [13] . The same technology was applied to other flying insects such as dragonflies, mosquitoes and moths [14, 15, 16, 17] . At the same time, Willmott and Ellington [18] developed more robust techniques to determine the angle of attack of an insect's wing in free flight (the Strips and the Planes techniques) that were designed to overcome the limitations experienced in previous studies.
On the other hand, Zanker performed research on the movement of a drosophila wing in experimental measurements of specimens in a fixed position, by imposing mechanical restrictions to prevent free movement [19] . In spite of the fact that this imposed immobility is undesirable, since there is no certainty that the movement of the wings in this condition reflects the real behavior of the insect, the technique provides a good experimental basis to perform observations. More recently, Dickinson built a small-scale robot called "Robofly" that produces the spatial movements of a house fly [20, 21] . This robot was used to determine how the kinematical changes of the wing influenced the generation of aerodynamic forces; furthermore, it was used intensively by many researchers in order to validate results from numeric models [22, 23, 24] .
The latest advances in this field combine experimental techniques with software packages that employ different techniques to reconstruct the three-dimensional movement of an insect. Direct lineal transformation ("DLT") is one of the mostly used techniques because of its flexibility, acceptable precision and available bibliography [25, 26] . At present, one version of this technique has been implemented in MATLAB®. This application, DLTdv3, is free and can be downloaded from the internet together with the necessary user instructions [27] .
With the objective of creating a nexus between the descriptive language used in biology and the methodical analysis of engineers, the model that is presented in this paper was implemented in an interactive computational code entirely developed in MATLAB® (MAV Study ver. 1.001). This MAV Study permits one to interactively analyze all the kinematical parameters that characterize the flapping of the wings of a house fly, and to visualize the spatial trajectories of the material points of the wings coming from numerical simulations. Moreover, this software has a module for interpolation and linear regression that permits one to fit the data coming from real measurements about the kinematics of flying insects [28] .
The natural flight of insects
One of the main points in obtaining agility in flying with flapping wings lies in the skill to vary the kinematics of each wing beat. In order to fully understand an insect's flight, to build the aerodynamic model and to capture the aerodynamic mechanisms used, it is crucial to carry out a detailed analysis of the kinematics.
A stroke cycle can be divided in four phases [6, 20] : i) the first phase called "downstroke" where the wing makes a descending movement from the dorsal part of the insect to its abdomen, ii) towards the end of the downstroke movement, the wing rotates swiftly around its longitudinal axis and reverses its direction, this phase is called "supination", iii) a third stage of the motion is where the wing makes an ascending movement from the abdomen towards the dorsal part of the insect, called "upstroke"; and iv) towards the end of the upstroke the wing rotates around its longitudinal axis and moves in the reverse direction. This phase is called "pronation". The phases ii) and iv) can be classified as the rotational part of the stroke cycle (reversal stroke). Towards the end of the last rotational phase (pronation), the stroke cycle starts again as explained above (see Figure 3) . 
INSECT MODEL
In order to construct a three-dimensional model of the house fly, the software SolidWorks ® was utilized. To be able to obtain a high level of detail for this model, certain characteristic morphological parameters of a Drosophila Melanogaster were preserved such as, the wingspan, maximum wing chord, body length, form of the wing and the thickness of the thorax, abdomen and head (see Figure 4) .
The longitudinal axis is defined as the straight line that goes from the wingtip (point d 1 ) to the joint of the wing-thorax (point d 2 ) . The values of the parameters used were extracted from Zanker [19] , [29] and Ellington [30] , and are given in Table 1 . Once the Three-dimensional model of the insect was created, it was exported in DXF format through a triangulation technique with the SolidWorks feature 3DFACE.
The developed computational code also has a pre-processing routine that extracts the coordinates of the nodes from the DXF files and automatically generates the connectivity of the elements. The mesh that was used to discretize the whole insect has 1902 nodes and 3796 simple triangular elements consisting of three nodes. Figure 5 shows the detail of an arbitrary triangular element, Ω p , on the right wing. 
Projection planes
Because of the existing complications to carry out precise measurements of the spatial movement of the wing during the stroke cycle, biologists describe this movement by projecting the trajectory of the material points on three mutually perpendicular planes [31] : i) the sagittal plane, ii) the transversal plane, and iii) the frontal plane (see Figure 6 ).
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The transversal plane divides the insect into front and back sides; the sagittal plane divides it in right and left halves; and the frontal plane divides the creature in dorsal and ventral parts. The spatial movement of the wing can be studied by analyzing the different projections of the trajectories of the points of the wing on each of the previously mentioned planes. Particularly, if the movement of the wing is analyzed in the sagittal plane, it can be observed that towards the end of the downstroke and the upstroke the wing stops moving. These points divide the descendent from the ascendant movement. In order to study changes in direction, it is necessary (actually, the wings never stop moving) to project the movement of the wing onto another plane; for example, the frontal plane, which is obtained by rotating the sagittal plane 90˚ with respect to the longitudinal axis of the insect.
Reference frames used to study the wing beat
There are three reference systems that are commonly used to study the movement of the wings of some flying insects [12] : i) A reference system fixed to the body; ii) a reference system fixed to the stroke plane and iii) a reference system fixed to the ground. The system fixed to the stroke plane was used by various researchers to facilitate the kinematic description of the wing.
In this new work, we use four reference systems: i) a Newtonian or inertial system N = (n 1 , n 2 , n 3 ); ii) a body-fixed system T = (t 1 , t 2 , t 3 ) located at the mass center of the thorax (cm T ); iii) a reference system Z = (ẑ 1 , ẑ 2 , ẑ 3 ) fixed to the stroke plane; and iv) a reference system fixed to each wing root in order to facilitate its spatial discretization, B = (b 1 , b 2 , b 3 ) for the left wing and A = (â 1 , â 2 , â 3 ) for the right wing (see Figure 7a ). The stroke plane is defined by three points: the wing root located at the joint of the wing and the body, the position of the wing tip in its maximum stroke amplitude, and the position of the wing tip in its minimum stroke amplitude (see Figure 7b) .
The vectors n i t i ẑ i b i and â i for i = 1,2,3 are unit vectors that fulfill the following conditions,
where: · indicates the internal product; and × indicates a vector product. The condition imposed by equation (1) indicates that the sets of vectors which form the reference frames N, T, Z, B, and A generate othonormal and dextrorotary bases [32] .
STROKE PARAMETERS
The movement of the body and the wings of an insect are characterized by a combination of variables called "stroke parameters". Marey [33] was the first person to investigate the movement of the wing of a flying insect. He discovered that for certain values of these parameters the tip of the wing follows a closed trajectory called the "figure eight". This type of movement, which is common in animal flight, is taken as a starting point for numerous publications on this topic. The description of the principal kinematical parameters that influence both the type of flight adopted by the insects (hover, forward flight, etc.) and the movement of the wings during the complete stroke cycle can be found below [34] .
The body angle
The angle c, is defined as the angle between the axis of the insect's body BB' and the horizontal plane, represented by AA' (see Figure 8 ). This angle is positive when the slope of the line BB' is negative as shown. The angle c is not directly related to the movement of the wings, but it is of vital importance to understanding the nature of flapping. This angle changes in several stages of the flight due to the oscillations in the lift and drag forces. Towards the end of the downstroke the body angle increases and towards the end of the upstroke it decreases [31] .
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The stroke plane angle
In the literature there are different definitions for this angle. One of them defines it as the angle formed by the stroke plane with the vertical axis CC', x, which passes through the mass center of the insect's thorax (cm T ). Other authors define the angle h between the stroke plane and the longitudinal axis of the body. This last definition has certain advantages because it reveals the conditions in which the bodywing articulations work [31] , (see Figure 9a ). The ability to change this angle decreases when the stroke frequency is low, oscillating between 70Hz and 100 Hz. On the other hand, those insects that move their wings with high frequencies can easily vary the orientation of this plane; for example, any flight maneuver of the Diptera (with frequencies between 80 -240 Hz) is accompanied by a significant change in the stroke-plane angle. In order to perform aerodynamic studies, it is advisable to measure the stroke plane angle relative to the flight direction, which would coincide with a horizontal line in the case of forward flight. In this paper, the angle of the stroke plane, b, is measured with respect to a perpendicular axis DD ′ to the longitudinal axis of the body of the insect ( BB ′ to straight line) (see Figure 9b ). This definition facilitates the use of Euler angles to parameterize the movement of the wing and to obtain the instantaneous orientation of the wing during the stroke cycle. 
The stroke-position angle
The stoke angle F between the maximum and minimum amplitudes that wing achieves (see Figure 7b ). This stroke angle changes considerably for different insect species and reaches the highest values for creatures that utilize aerodynamic mechanisms such as the clap and fling technique [35, 36, 37, 38, 39] . The stroke position angle, f(t), is the angle formed by the projection of the longitudinal axis of the wing on the stroke plane and the unit vector ẑ 1 . This angle is positive when the wing is in the ventral position (see Figure 10 ). 
The stroke-deviation angle
Numerous experts have shown that the movement of the wings deviates considerably from the stroke plane. The angle that measures this deviation is called stroke deviation angle q(t), which is defined as the angle formed by the longitudinal axis of the wing and the stroke plane. It is considered positive when the wings are above the stroke plane (see Figure 11 ). 
The rotation angle
The angle that specifies the rotation of the wing with respect to its longitudinal axis y(t), is measured on a plane called Π which has an orientation in 3D space that is always normal to the unit vector b 2 , fixed to the wing. It is defined as the angle formed by the wing's chord and the straight line EE', which is fixed to the Π plane and coincides with the direction of the unit vector b 3 in t = 0 (see Figure 12 ). This angle is positive in a downstroke. There is another definition for this angle which considers the angle formed by the wing's chord and the stroke plane a sp (t). This method for measuring the rotation angle was used in numerous papers, particularly in Willmott [17] who used high-speed cameras to determine the kinematics of the body and the wing tips of a hovering butterfly. The wing is oriented with respect to the reference frame Z, fixed to the stroke plane, using a (1-3-2) sequence of Euler angles, f(t), q(t), and y(t), previously defined in Section 3. Each of the rotations involved in the step sequence to orientate the wing with respect to the inertial frame N, as previously described, has a second-order rotation tensor Q associated with it, given by the following expression, (2) where j is the rotation angle, y is the unit vector around which the rotation takes place (axial vector), I is the second-order identity tensor, d is the third-order alternate tensor or the Levi-Civita tensor, and the ⊗ symbol indicates the tensor product [32] .
In the rest of the paper, the L(j, y) function is used to indicate a rotation around an arbitrary unit vector y through the angle j.
Transformation of coordinates
Insect orientation: The orientation of the insect's body in space is exclusively affected by a change in the body angle" c, and is obtained by means of one rotation (1-rotation) of the reference frame, T, fixed to the center of the mass of the creature's thorax with respect to the unit vector n 1 . This rotation is mathematically described in the following way: Figure 13 shows the sequence of rotations.
F Fi ig gu ur re e 1 13 3: : Sequence of rotations to obtain the orientation of the stroke plane Therefore, the rotation tensor associated with the rotation sequence presented above is,
Left-wing orientation:
A transformation is carried out from the fixed system to the stroke plane Z, to an intermediary frame W, given by a 3-rotation, d = 90˚, around the unit vector ẑ 3 
. Afterwards, a sequence of rotations (1-3-2) is performed, given by the Euler angles f(t), q(t), and y(t)
with the objective of obtaining the orientation of the wing with respect to frame, Z, fixed to the stroke plane in any instant of time. Each one of the rotations presented in Figure 14 can be described as a second-order rotation tensor, these would be: 
Later, the rotation tensor Q, that orientates the wing with respect to the inertial reference frame N, is obtained by making the rotations expressed in (4) and (5), which is, (6)
Velocity of a generic point on the wing
The expressions for the velocity and the acceleration of material points on the wing are formulated in terms of the reference frame B, fixed to the wing, where P is a material point belonging to the left wing of the insect (see Figure 15 ). Its position vector with respect to the origin o of the inertial system N is given by, (7) where {R a } is the position vector of the origin of the reference frame fixed to the insect's thorax T, with respect to the inertial reference frame N; {R b } is the position vector of the origin of the reference frame fixed to the stroke plane Z, with respect to the reference frame fixed to the insect's thorax T; {R c } is the position vector of the origin of the reference frame fixed to the left wing B, with respect to the reference frame fixed to the stroke plane Z; and {r} is the vector position of the generic point P, belonging to the wing with respect to the reference frame fixed to the wing B. The velocity of point P, {V N P }, is obtained by evaluating the total time derivative of the position vector {R p } performed by an observer fixed to the inertial reference frame N.
This makes:
= 0 because R a is fixed in the inertial frame N.
The total time derivatives shown in equation (10) are computed by means of the transport theorem [40] , (11) where { N v T } is the angular velocity of the frame fixed to the insect's thorax T, with respect to the inertial frame N; { N v Z } is the angular velocity of the frame fixed to the stroke plane Z, with respect to the inertial frame N; and { N v B } is the angular velocity of the frame fixed to the wing of the insect B, with respect to the inertial frame N. Since vectors {R b } and {R c } are fixed in the T and Z frame, respectively, their time derivatives with respect to these frames are zero. On the other hand, considering a rigid-body model for the wing implies that the vector {r}, for each point P on the wing, remains fixed in reference B. Therefore, its temporal derivative with respect to the B system is null. Later, (12) The angular velocity vectors shown in equation (12) are calculated with the addition theorem [41] using the intermediate reference systems defined in figure 14 . (13) Considering the sequence of the previously defined Euler angles, one has the primitive version of the angular velocity vectors, (14) where we use the dot notation for time derivatives. 
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The inclination angles of the body c and the stroke plane angle b do not change over time, therefore equation (14) can be reduced to: (15) where the set of unit vectors {ŵ ′ 1 , ŵ ′′ 3 , b 2 }, which are non-orthogonal, is known as the Euler basis. Substituting equation (15) into equation (12) we obtain the following general formula for the velocity of a generic point P on the wing. (16) The resulting angular-velocity vector in the fixed frame of the wing B is given by: (17) where, (18) Finally, we can solve for the velocity with respect to the frame N of a generic point P on the wing in terms of the reference frame B is: (19) 
Acceleration of a generic point on the wing
The acceleration of a generic point P, {A N P }, is obtained by evaluating a total time derivative in equation (16) . This derivative is also evaluated by an observer fixed to the inertial reference frame N. (20) Simplifying and using the transport theorem, we obtain the following equation: (21) where { N`B } is the angular acceleration vector of the reference frame B with respect to the inertial frame N. Remembering that for each material point on the wing is fixed in the B system, and for that reason its time derivative relative to a fixed observer in B is null, we obtain the following:
The angular acceleration vector is the time derivative of the angular velocity of B with respect to N obtained in terms of B. To calculate this derivative, we use the transport theorem again: (23) Simplifying and recalling equation (17), we can arrive at the following: (24) Finally, we obtain the formula for the acceleration of point P with respect to the frame N in terms of the reference system B:
Dimensionless kinematics equations
To obtain the highest level of generality in the computational codes, we express the angles f(t), q(t), and y(t) in terms of the non-dimensional time t * , and the spatial dimension in terms the span of one wing R. These quantities are defined as follows: (26) where T f is the period of a stroke cycle, n f is the stroke frequency measured in Hertz (Hz), and {r * } is the non-dimensional position vector of an arbitrary point P on the wing. We obtain the time derivatives of the angles that orient the wing with respect to the stroke plane by using the chain rule: (27) Now it follows that the angular velocity of the reference frame B with respect to the inertial reference frame N is: (28) where { Nv B } is the non-dimensional angular velocity of the frame fixed to wing B, with respect to the inertial frame N. The angular velocity expressed in terms of reference frame B is given by: (29) where 
Using a similar expansion we can write the angular acceleration vector of frame B with respect to frame N, in terms of B: (31) where { NˆB } B is the non-dimensional form of the angular acceleration of the frame fixed to wing B, with respect to the inertial frame N.
Finally, by substituting equations (26), (28) and (31) into equations (19) and (25), we find the nondimensional expressions for the velocity and acceleration of a generic point P on the wing:
NUMERICAL SIMULATIONS
MAV was developed entirely in MATLAB ® using the GUIs module (Graphical User Interfaces) [42] . The main screen is presented in Figure 16 . At the right, we can see two main menus that allow one: i) to change the general properties of visualization and ii) study the kinematics of flapping wings. The latter has two submenus: one of them gives the projection planes and reference frames adopted to study the kinematics of insect wings. The other menu allows one to change all the fundamental variables involved in a stroke cycle and to visualize the kinematics of different points on the wing. 
Input signals
With the software developed here, one can use four different patterns to visualize the temporal evolution of the angles f, q, and y (see Figure 17 ). The signals that are shown in Figure 17a and 17b were used by Dickinson [43] in his study on a scale mechanical model of a house fly (Robofly).
Harmonic functions were used to generate both the stroke-position angle, f, and the strokedeviation angle, q. For the rotation angle, y, a trapezoidal function was used, which keeps a constant value during each 'half stroke' and a constant rotation velocity in the rotational phase of each cycle of beats.
These two signals only differ in the fact that two different functions are used to generate the deviation angle, q:
• Ahalf-sine function in each half-stroke (blue dashed line in Figure 17a ), which produces an ellipse-shaped pattern; and • Afull-sine function in each half-stroke (blue dashed line in Figure 17b ), which produces a figure-eight pattern. The signals presented in Figure 17c are a representation of the actual kinematics of a house fly in hovering [24] . Finally, the fourth model (Figure 17d ) is a slightly simplified version of the last one. To obtain these curves we performed a least-squares fit using Fourier series over a set of discrete values coming from experimental measurements of the kinematics of free-flying insects.
Validation of the kinematics model (Robofly kinematics)
Robofly is a dynamically scaled mechanical model of a house fly (Drosophila Melanogaster) developed by Dickinson [20, 21] . It consists of two rigid wings that were dipped in a tank with mineral oil. The fluid viscosity, the wing length, and the flapping frequency of the model were properly adjusted in order to obtain a low-Reynolds-number characteristic of this type of flying insects (Re = 136).
The wing's geometry was taken from Ansari [23] . In his work, the wing was made of Plexiglas with a thickness of 3.1 mm, a wing length R = 190 mm, and a maximum wing chord c max = 100 mm, (see Figure 18a ). In order to perform a study of the kinematics of the Robofly, we consider the body angle to be identically zero, c = 0°, and the stroke plane angle to be 90°, b = 90˚. These quantities, defined in this way, produce a perfectly horizontal stroke plane, which is characteristic of a special flight configuration called 'hover'. Hover was extensively studied by Weis-Fogh [36, 44] , who characterized the normal patterns of hovering.
Another way to classify insect flight is through the reduced-frequency parameter [45] , defined as V b / V w , where V b is the body's velocity, and V w is the wing's velocity. For hovering animals, as well as the model fly, the reduced-frequency parameter is zero by definition since their body's velocity is zero.
In Figure 18b the 3D-trajectory of the Robofly wingtip is plotted (ellipse-shaped pattern). The blue points correspond to the downstroke, and the red points correspond to the upstroke. The line attached to these points at each instant of time represents a portion of the wing chord and is an indicator of the orientation of the wing during the flapping cycle. The coordinates (X, Y, Z) are associated with the unit vectors (n 1 , n 2 , n 3 ).
The validation of the kinematics model derived in this work was done by comparing qualitatively the numerical results for the wingtip trajectory projected on the sagittal plane against trajectories (wingtip) obtained by experimental observation on the Robofly [21, 46] (see Figure 19 ). If the stroke deviation angle is identically zero throughout the stroke cycle, the trajectory of the wingtip is far simpler (see Figure 20) . This simplified pattern of motion is widely used for aerodynamic studies of flapping wings. Next we present the projections on the sagittal and transverse plane of the 3-D trajectories of points distributed at 0%, 50% and 100% of the wing length, R (see Figure 21a ). We used, for the stroke deviation angle, the functions presented in Figures 17a and 17b . Stroke deviation varies as either a half or a full sinusoid in each half-stroke. The half-sine variation yields an ellipse tip trajectory (see Figure  22) , whereas a full-sine variation yields a figure-of-eight tip trajectory (see Figure 23 ). 
Numerical results
In this section, we present numerical simulations of the trajectories, velocities and accelerations of arbitrary points belonging to an insect's wing, taking into account the orientation of the insect's body in 3D space. The values used are: the body angle c = 75˚, and the stroke angle b = 15˚. To perform these simulations we used a set of four points: the wingtip (point P1), a point on the leading edge (point P2), a point on the trailing edge (point P3) and a point inside the wing (point P4) (see Figure 21b) .
In this paper, we analyzed two different motions of an insect's wing; i) a figure-eight pattern produced by the signal shown in Figure 17b , and ii) an actual movement of an insect's wing produced by the signal presented in Figure 17c .
In Figure 17b the amplitude of the stroke position angle is quite large between the rotation phases, which allow the wings to operate with large angles of attack (see Figure 24 ). When the 3-D trajectories with eight shapes are projected on the transverse plane, the downstroke phase can not clearly be distinguished from the upstroke phase.
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Trajectory of a point at 0% of the wing length, R Trajectory of a point at 0% of the wing length, R Trajectory of a point at 50% of the wing length, R Trajectory of a point at 50% of the wing length, R Trajectory of a point at 100% of the wing length, R Trajectory of a point at 100% of the wing length, R
The trajectories, velocities and accelerations, for the points P1, P2, P3 and P4 shown in Figure 21b , are plotted in Figure 26 and 27 respectively. The input signal corresponds to the actual kinematics of a house fly in hover (see Figure 17c) . The graphs of trajectories, velocities and accelerations for the last input signal (Figure 17d) are not presented. Because the signal is a simplified version of the input signal, corresponding to the actual kinematics of a fly, it does not provide new results.
The extra bump, which appears in the angle of rotation (see Figure 17c ) at the beginning of both the downstroke and the upstroke, produces a decrease in the amplitude of the effective angle of attack, which implies that the wing's orientation is nearly horizontal. This phenomenon results in a marked decrease of the drag forces on the wing, increasing accordingly, the aerodynamic performance of the insect.
The two-dimensional trajectories described here for different points on the wing, as well as for different input signals, show the complex movement that describes the wing during one beating cycle. These trajectories are radically different from each other, revealing the significant impact that wing kinematics has on the ability to maneuver and produce unconventional mechanisms of flight.
The sudden changes in velocity and acceleration, towards the end of each half stroke seen Figures  25 and 27 where the wing quickly changes its direction of motion, have a great influence on the lift. This influence is produced by two aerodynamic phenomena: the rotation of the wing about its longitudinal axis ("rotational lift") [20] and the wake capture. These non-steady aerodynamic mechanisms explicitly depend on the rotational phase of the stroke cycle (pronation and supination), and they interact with other mechanisms such as delayed stall, which depends basically on the translational phase of the wing. On the other hand, it is vital to know the trajectories, velocities and accelerations for different points on the wing to make proper dynamic, aerodynamic and aeroelastic analyses of insect flight.
CONCLUSIONS AND FUTURE WORK
In this work, first, we made an exhaustive review of the main kinematical parameters involved in describing the movement of insect wings, and subsequently we developed a full formulation for the kinematics, using geometry together with a parameterization by Euler angles. The formulation developed is sufficiently robust to allow a comprehensive analysis of the trajectories, velocities, and accelerations of arbitrary points on the wing. The trajectories of these points, obtained by numerical simulations, were successfully validated by comparisons with experimental measurements obtained on a robot developed at the University of California, Berkeley.
The kinematic model described in this paper was implemented in an interactive computer code, which serves as a link between the descriptive language used by biologists and predictive language used by engineers. The software also has a graphical interface that greatly facilitates post-processing of results from numerical simulations. Currently, we are developing a numerical algorithm that combines the non-steady, non-linear vortex-lattice method (UVLM) with the kinematic model developed in this effort, into only one computational tool in order to study, analyze and definitely understand the natural flight mechanisms used by birds and insects.
